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Searching for the simplest non-abelian 2d gauge theory with N = (0, 2) supersymmetry and non-
trivial IR physics, we propose a new duality for SU(2) SQCD with Nf = 4 chiral flavors. The chiral
algebra of this theory is found to be so(8)
−2, the same as in 4d N = 2 SU(2) gauge theory with
four hypermultiplets.
INTRODUCTION
Two-dimensional theories with N = (0, 2) supersym-
metry play an important role in string theory, quantum
field theory, and connections with pure mathematics.
They describe world-sheet physics of heterotic strings.
In quantum field theory, they can be found on two-
dimensional objects (dynamical and non-dynamical) in
a 4d theory with N ≥ 1 supersymmetry. And many
interesting connections with mathematics arise because
the BPS sector of a 2d N = (0, 2) theory is a chiral CFT
(a.k.a. chiral algebra). Yet, until recently, not much
was known about strongly coupled gauge dynamics of 2d
N = (0, 2) theories.
The first exactly solvable example of a 2d N = (0, 2)
SQCD was proposed in [1] and studied further in [2–9].
A theory with Nc colors, Nf chiral flavors and N˜f Fermi
flavors also contains 2Nc−Nf+N˜f anti-fundamental fla-
vors and Nf(2Nc−Nf + N˜f ) singlet “mesons” that can-
cel anomalies. This quite elaborate 2d SQCD exhibits a
rich phase diagram, with dynamical SUSY breaking and
a peculiar triality symmetry that mimics symmetries of
smooth 4-manifolds (under ‘handle slides’) and resembles
Seiberg duality in four dimensions. In particular, the tri-
ality symmetry permutes Nf , N˜f , and 2Nc − Nf + N˜f ,
and signals SUSY breaking when these numbers violate
triangle inequalities.
In this paper we propose the simplest 2d (0, 2) SQCD
which, compared to the above class of theories, is on
the edge of dynamical SUSY breaking and, nevertheless,
has non-trivial IR physics described by a (0, 2) Landau-
Ginzburg (LG) model with a cubic superpotential. To
build this theory we take the simplest non-abelian gauge
group SU(2). Since 2d (0, 2) vector multiplet contains
left-moving fermions, we need to cancel gauge anomaly,
which in a theory with SU(Nc) gauge group and Nf fun-
damental flavors looks like
−Nc +
1
2
Nf . (1)
In particular, we see that in a theory with Nc = 2 the
simplest way to cancel gauge anomaly is to add Nf = 4
chiral multiplets in the fundamental representation of the
gauge group.
In the rest of this note we describe the IR dynamics
of this theory and propose a new duality with a (0, 2)
Landau-Ginzburg model of one Fermi superfield Ψ cou-
pled to six chiral multiplets Φi, i = 1, . . . , 6, via a (0, 2)
superpotential
J = ΨPf(Φ), (2)
where we find it convenient to think of Φ as 6 ∼= ∧24
under SO(6) ∼= SU(4) global symmetry group.
Given a possibility of a dynamical SUSY breaking,
one might feel suspicious or, perhaps, even skeptical
about the IR duality between SU(2) SQCD and the
LG model (2). Such concerns are further supported
by c-extremization [10], which leads to negative central
charges on both sides of the duality and usually is a signal
for either dynamical SUSY breaking or lack of a normaliz-
able vacuum. Despite all such indications, we argue that
both sides of the proposed duality do not break SUSY
and, furthermore, have equivalent IR physics.
VACUA
Let us start by analyzing the space of classical vacua.
On the gauge theory side, the classical space of vacua is
a “complex cone” on the Grassmannian
Gr(2, 4) = V ⊗4//U(2), (3)
where V ∼= C2 denotes the fundamental representation
of U(2). One way to see this is to imagine (formally)
that our gauge group is U(2) rather than SU(2). Then,
the space of vacua in such fictitious theory would be the
Ka¨hler quotient (3). Going back to our original theory,
that is replacing the gauge group U(2) by SU(2), in (3)
has the effect of removing the D-term constraint and a
quotient by U(1). Hence, the resulting moduli space of
vacua is a complex cone on Gr(2, 4).
The same moduli space of classical vacua can be eas-
ily identified on the Landau-Ginzburg side. Indeed, the
same Grassmannian (3) in Plu¨cker coordinates is a hy-
persurface in CP5:
Gr(2, 4) = {Φ12Φ34 − Φ13Φ24 +Φ23Φ14 = 0}. (4)
Since CP5 = C6//U(1) is a Ka¨hler quotient, just as on
the gauge theory side discussed earlier, we can “ungauge
the U(1)” by removing the U(1) quotient and the mo-
ment map constraint associated with it. The result, of
2course, is simply the hypersurface in C6:
Φ12Φ34 − Φ13Φ24 +Φ23Φ14 = 0. (5)
This is the same five-complex-dimensional space of vacua
we found in SU(2) SQCD with Nf = 4. According to a
theorem of Tian and Yau [11], this quadric admits a coho-
mogeneity one Ricci-flat metric that comes in a family of
non-compact Calabi-Yau 5-folds obtained by deforming
the complex structure in (5):
Φ12Φ34 − Φ13Φ24 +Φ23Φ14 = ǫ. (6)
The conical singularity at ǫ = 0 is at a finite distance in
moduli space [12].
In quantum theory, there are several possible scenarios
for the physics associated with this singularity. For in-
stance, one option is that the conical singularity at Φ = 0
is simply resolved in quantum theory, cf. [13]. Another
option is that the singularity is hiding extra degrees of
freedom and / or another branch of vacua emanating
from it.
Note, the Pfaffian Calabi-Yau (6) is a non-compact
analogue of a 2d N = (2, 2) model considered in [14].
COMPACTIFICATION FROM 4D
An insight into quantum physics of the proposed dual
pair of 2d (0, 2) theories comes from connecting them
to another dual pair, namely 4d N = 1 gauge theories
related by Seiberg duality.
Seiberg duality [15] relates 4dN = 1 SQCD with gauge
group SU(Nc) and Nf fundamental flavors qi to a similar
theory with SU(Nf −Nc) gauge group, Nf fundamental
flavors, singlet “mesons” Mi
j ∼ qi q˜j , and a certain su-
perpotential. As we explain in the rest of this section, a
special instance of this 4d duality, when compactified on
a 2-sphere with a partial topological twist, gives precisely
the proposed dual pair of 2d N = (0, 2) SQCD and the
Landau-Ginzburg model with the Pfaffian superpotential
(2).
To describe topological reduction a la [7, 16–18] of a
4d N = 1 theory on S2 — or, more generally, on a genus
g Riemann surface Fg — we need to describe what hap-
pens to three basic ingredients: N = 1 vector multiplets,
chiral multiplets, and the superpotential interaction. We
start with a vector multiplet, whose topological reduc-
tion on a genus g Riemann surface is relatively simple: it
gives one 2d (0, 2) vector multiplet (with the same gauge
group) and g adjoint (0, 2) chiral multiplets, see e.g. [19]:
4d N = 1 vector
on Fg
−−−−−→
{
2d N = (0, 2) vector,
+ g N = (0, 2) chirals.
Topological reduction of 4d N = 1 chiral multiplets
is more subtle and depends on the choice of the R-
symmetry, under which all chiral fields must carry in-
teger R-charges. Of course, the R-symmetry should also
be non-anomalous, e.g. for SU(Nc) theory with Nf fun-
damental flavors the R-charges of the chiral multiplets
must satisfy
2Nf∑
i=1
Ri = 2(Nf −Nc). (7)
Assuming these conditions are met, the topological re-
duction of a 4d N = 1 chiral multiplet with R-charge R
yields 2d spectrum of (0, 2) chiral and Fermi multiplets
controlled by the following cohomology groups:
2d N = (0, 2)
{
H0(KR/2 ⊗ L(m)) chirals,
H0(K1−R/2 ⊗ L(−m)) Fermi,
(8)
whereK is the canonical bundle of Fg and we also allowed
a coupling to general background flux m. In particular,
for a genus-0 compactification on S2, each 4d chiral mul-
tiplet contributes to the 2dN = (0, 2) field content either
1−R chirals if R < 1 or R− 1 Fermi if R > 1, cf. [7].
Finally, the superpotential terms in four dimensions,
upon the topological reduction on Fg, yield superpoten-
tial E or J terms of the effective N = (0, 2) theory in
two dimensions.
Now, let us apply these simple rules to 4d N = 1
SQCD with Nc = 2 and Nf = 3. Note, these numbers of
colors and flavors obey Nf = Nc+1 and also Nf =
3
2Nc.
SinceNf = 3, this theory has a total of 6 chiral multiplets
that transform as doublets under the SU(2) gauge group.
We choose the following assignment of integer R-charges,
which satisfy the anomaly cancellation condition (7):
R = (1, 1, 0, 0, 0, 0). (9)
With these R-charge assignments, the spectrum of the
theory on S2 consists of one SU(2) vector multiplet and
four fundamental chirals. In other words, it is precisely
our candidate for the simplest non-abelian 2d N = (0, 2)
gauge theory with non-trivial IR physics.
In a similar way, we can also derive the Landau-
Ginzburg model (2) from the topological reduction of
the Seiberg dual to 4d N = 1 SQCD with Nc = 2 and
Nf = 3. Since Nf −Nc = 1, the dual theory is a Landau-
Ginzburg model already in four dimensions. It has 15
“meson” fields Mij interacting via a cubic superpoten-
tial:
W = Pf(M). (10)
The R-charges of Mij compatible with (9) can be eas-
ily deduced from the relation Mij ∼ ǫab qai q
b
j , where q
a
i
are the fundamental “quarks” of the original 4d N = 1
SQCD. Specifically, we have
R(M12) = 2, (11)
R(M1i6=2) = R(M2j 6=1) = 1, (12)
3and the six componentsMij with i and j not equal to 1 or
2 all have R(Mij) = 0. Upon topological reduction on a
2-sphere, the latter give rise to 2d N = (0, 2) chiral mul-
tiplets Φi, i = 1, . . . , 6. The mesons with R = 1 do not
contribute to the spectrum of 2d theory at all, whereas
the component M12 gives rise to a Fermi multiplets Ψ.
Moreover, the 4d superpotential interaction (10) reduces
to the 2d Pfaffian superpotential (2). All in all, this is
precisely the Landau-Ginzburg model that was proposed
as IR dual to 2d N = (0, 2) SQCD. Here, we related the
proposed IR duality in two dimensions to a more familiar
Seiberg duality in 4d.
As further evidence for the proposed duality, one can
compare elliptic genera of 2d N = (0, 2) SQCD and the
Landau-Ginzburg model using the theta function iden-
tity (4.7) from [20]. In the next section we match even
stronger invariants on both sides of the duality.
THE CHIRAL ALGEBRA
2d (0, 2) theories are known to have a sector of BPS
operators, defined by passing to the cohomology of Q+,
whose OPE has a structure of a vertex operator alge-
bra, or chiral algebra [21, 22]. The exact chiral algebra
is known to be an RG invariant [23], hence it can serve
as a useful check of dualities, whenever it is possible to
compute it. This philosophy was utilized in the litera-
ture before [4] mainly through the study of chiral rings
(regular subsectors in chiral algebras) in (0, 2) NLSMs
[24–26], which can be applied to gauge theories through
their low-energy sigma model descriptions.
Here we are going to apply the chiral algebra ma-
chinery to our gauge theory and its Landau-Ginzburg
dual directly, rather than through the looking glass of
NLSMs. We begin on the gauge theory side, explaining
the method from [27] along the way. First of all, we work
under the hypothesis that the algebra is perturbatively
exact. While instantons are known to sometimes drasti-
cally change the answer [28–31], we believe it does not
happen in our dual pair. The theory at hands admits no
familiar vortex solutions, and moreover, results on the
Landau-Ginzburg side confirm our assumption.
On the gauge theory side, the chiral algebra can be
computed in perturbation theory in the gauge coupling
e, which is essentially the spectral sequences method ap-
plied to the Q+ cohomology. In the zeroth order in e, we
simply impose the Gauss law constraint on the product
of chiral algebras of free multiplets. The free (0, 2) chiral
multiplet (valued in a representationR) contributes a βγ
system of conformal weights (hβ , hγ) = (1−λ, λ) (valued
in the same representation), which we denote (β, γ)(λ).
Parameter λ is not fixed and is related to the true R-
symmetry of the IR CFT. The chiral algebra of a free
vector multiplet is given by a small algebra of the bc ghost
system valued in the adjoint of the gauge group; we call it
(b, c)small. Its conformal dimensions are (hb, hc) = (1, 0),
which are not ambiguous because vector multiplet has
canonical R-charge. The term “small algebra” means
that operators constructed from basic building blocks
b(z) and c(z) can only contain derivatives of c(z) but
not c(z) itself. So the zeroth order approximation to the
chiral algebra is given, after imposing gauge invariance,
by:
E0 =
(
(β, γ)(λ) ⊗ (b, c)small
)G
. (13)
We then include all higher-order correction to Q+ and
see that the way it acts on E0 coincides precisely with
the BRST operator. Namely, the BRST current is:
JBRST =
dimG∑
A=1
cA(JAm +
1
2
JAgh),
JAm = iβT
Aγ, JAgh = −if
A
BCc
AbBcC , (14)
and it defines a QBRST operator in the usual way. One
can check that it is nilpotent, Q2BRST = 0, precisely when
the anomaly cancellation condition (1) holds, so it is con-
sistent to study its cohomology. The perturbative chiral
algebra is then simply given by a BRST reduction of the
“ungauged” chiral algebra [27]:
Hpert(Q+)
∼= HBRST(E0). (15)
Those familiar with the work of [32] may find a strik-
ing similarity between this procedure and the one for the
chiral algebra of Lagrangian 4d N = 2 SCFTs. Their
prescription is given by a BRST reduction of the symplec-
tic boson valued in the matter representation. Note that
symplectic boson CFT is the same thing as the βγ system
at λ = 12 (this λ is different from the one in [33], where
it referred to twisted sectors). Moreover, the BRST co-
homology problem does not depend on the value of λ.
Therefore, our prescription is not just similar to [32], it
is exactly the same.
This simple observation, whether it has any deep
meaning or not, helps us to avoid a lot of technicalities.
It shows that our chiral algebra for 2d SU(2) gauge the-
ory with four chirals coincides with the chiral algebra of
4d N = 2 SU(2) gauge theory with Nf = 4. There was a
lot of evidence in [32] that the latter is given by an so(8)
current algebra at level −2, so our answer is:
Hpert(Q+)
∼= so(8)−2. (16)
Even though this algebra does not depend on parame-
ter λ, its value does not get washed out completely. It
enters in the choice of the stress-energy tensor, which co-
incides with the physical left-moving stress-energy tensor
of the IR CFT. Only for λ = 12 it would coincide with
the Sugawara tensor. For different values of λ, we have:
T = TSug +∆T, ∆T = (1/2− λ)∂(βγ). (17)
4Now we would like to approach this problem from the
Landau-Ginzburg side, where we use the methods of [23].
To compute the cohomology of Q+, we identify the co-
homology of a superspace derivative D+ acting on super-
fields and then take their lowest components. One has to
take into account the operator equations of motion:
D+∂−−Φ
ij
= −iΨεijklΦkl,
D+Ψ = −2Pf(Φ), (18)
where ∂−− equals the holomorphic derivative upon Wick
rotation. Since Φij and Ψ are annihilated by D+, they
are in the cohomology, and equations of motion imply
relations Pf(Φ) = 0 and ΨΦij = 0 in the cohomology.
Assuming that the fields Φij have R-charge α in the IR,
we can further identify the stress-energy tensor in the
cohomology:
T =
∑
i>j
[
∂−−Φij∂−−Φ
ij
−
α
2
∂−−(Φij∂−−Φ
ij
)
]
+
i
2
Ψ∂−−Ψ −
i
2
∂−−ΨΨ+
i(1− 2α)
2
∂−−(ΨΨ), (19)
as well as u(4) currents:
Ji
j = iΦik∂−−Φ
kj
+ δjiΨΨ. (20)
Composite operators should be defined with care: we
always have to subtract singularities appearing in collid-
ing their constituent elementary fields. This cannot lift
T and Ji
j from the cohomology because their singular-
ities only have numeric coefficients, but can affect more
complicated composite operators. We can identify such
composite operator in the classical D+ cohomology:
2iΨΨ∂−−Φ
ij
− ∂−−Φ
ni
Φnp∂−−Φ
pj
. (21)
To properly define quantum operators, we have to renor-
malize them by subtracting singularities. The second
term is actually non-singular, but we still need to split
points in order to correctly evaluate the action of D+ on
it. We define renormalized operators:
[ΨΨ∂−−Φ
ij
]ren(0)
= lim
ǫ→0
(Ψ(ǫ)Ψ(0)∂−−Φ
ij
(0)−
i
ǫ
∂−−Φ
ij
(0)),
[∂−−Φ
ni
Φnp∂−−Φ
pj
]ren(0)
= lim
ǫ→0
∂−−Φ
ni
(0)Φnp(ǫ)∂−−Φ
pj
(2ǫ). (22)
A very accurate computation at finite ǫ shows that now:
D+
{
2i[ΨΨ∂−−Φ
ij
]ren − [∂−−Φ
ni
Φnp∂−−Φ
pj
]ren
}
= 4∂−−(−iΨε
ijklΦkl). (23)
In an analogous situation in [23], similar computation
was used to argue that the cohomology class was lifted
at the quantum level. In our case, though, the right-hand
side is actually D+-exact due to the equation of motion,
being equal to 4D+∂
2
−−Φ
ij
. We conclude that in our
case, quantum effects renormalize the cohomology class,
and the correct one is given by:
Bij = 2i[ΨΨ∂−−Φ
ij
]ren
− [∂−−Φ
ni
Φnp∂−−Φ
pj
]ren − 4∂
2
−−Φ
ij
. (24)
This composite operator groups together with Φij and
Ji
j to form the so(8)−2 current algebra, precisely match-
ing the dual gauge theory result, including the OPE. One
could call this an accident in the terminology of [34]. De-
noting γi · γj = ε
αβγiαγjβ , where α, β are indices in the
fundamental of su(2), we have:
γi · γj ↔ Φij ,
βi · γj ↔ ∂−−Φ
ik
Φkj − iδ
i
jΨΨ,
βi · βj ↔ Bij ,
4λ = α. (25)
The Landau-Ginzburg side has an extra fermionic oper-
ator Ψ in the cohomology, which might look puzzling.
However, our duality suggests that it simply decouples
as a free field along the flow. The way it enters the alge-
bra shows that it is completely consistent to make such
a truncation, so that the interesting part of the chiral
algebra is indeed so(8)−2. We can also conjecture that
there are no other independent composite operators that
have to be taken into account.
CONCLUDING REMARKS
Some of the facts observed in this note call for further
investigation. In particular, the match of our chiral alge-
bra with the one from [32] sounds intriguing and raises a
question whether it is a pure coincidence or a manifesta-
tion of some deeper connection.
But most importantly, a lot of standard techniques are
not applicable to our theory due to the lack of normaliz-
able vacuum. One example is the cR-extremization [10],
equivalent to cL-extremization (due to cL−cR being fixed
by the gravitational anomaly, equal to −5 in our case),
which in turn is equivalent to the requirement that all
U(1) currents are primary [23]. Applying it to our the-
ory gives λ = 1/2, cL = −14. This is not in conflict with
unitarity because of the lack of normalizble vacuum. But
for the same reason, this value of cL does not have to be
correct because c-extremization also fails. On top of that
we should add that in a theory with normalizable vac-
uum, decoupling of Ψ along the flow would immediately
imply that its dimension is at the unitary bound. This
does not have to hold in our case either. Overall, we are
5lacking one extra handle on the dynamics of our model
to say more about its IR physics.
Somewhat related, the fate of singularity at the origin
of the moduli space is not entirely clear as well. For this
puzzle, we can make a guess: if topological reduction on
S2 from 4d to 2d commutes with the RG flow, we can
simply look at the N = 1 SU(2) gauge theory in 4d with
Nf = 3, which is a parent of our 2d theory. According
to [35], the classical moduli space in such a theory does
not receive quantum corrections, and singularity at the
origin carries some massless degrees of freedom, so we
could guess that the same happens in our case. Further-
more, the relation Pf(Φ) = 0 in the chiral algebra gives
further evidence for this claim. Finally, we should note
that this problem might be amenable to the methods of
[36] extended to 2d gauge theories.
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